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Abstract. We consider questions related to a quantization scheme in which a classical variable 
/ : £1 — > R on a phase space is associated with a semispectral measure E* , such that the 
moment operators of E' are required to be of the form T(f k ), with T a suitable mapping 
from the set of classical variables to the set of (not necessarily bounded) operators in some 
Hilbert space. In particular, we investigate the situation where the map T is implemented by 
the operator integral with respect to some fixed positive operator measure. The phase space 
f2 is first taken to be an abstract measurable space, then a locally compact unimodular group, 
and finally K 2 , where we determine explicitly the relevant operators T(/ fc ) for certain variables 
fNj ■ /, in the case where the quantization map V is implemented by a translation covariant positive 

operator measure. In addition, we consider the question under what conditions a positive 
C3 operator measure is projection valued. 

Hi ■ 

(N : 

1. Introduction 

Quantization can be any procedure which associates a quantum mechanical observable to a 
given classical dynamical variable. The traditional way to realize a quantization is to assign to 
each classical variable a Hermitean (symmetric, or even essentially selfadjoint) operator which 
should describe the quantum observable. In the modern view of a quantum observable as a 
semispectral measure, this kind of quantization is no longer sufficient. The question is how to 
modify the traditional scheme in order to fit it into the context of modern quantum mechanics. 

Classical variables can be represented by real valued measurable functions defined on some 
measurable space (Q,A), which is the phase space of the classical system. The phase space can 
be taken to be e.g. M 2n , in which case the variables are Borel functions. In the conventional 
approach to quantization, we would have a map T from the set of real measurable functions to 
the set of all linear (not necessarily bounded) operators in H, and T(f) would be the observable 
corresponding to the classical variable / (see e.g EH EH E21 EH])- We would like to modify 
this scheme so that we could assign a semispectral measure to the function /, instead of an 
operator. To do this, we use all the operators T(/ fc ), k G N, instead of just the first one 
of them, and then consider the moment problem of finding the unique semispectral measure 
E f : B(M) -> L(H) with the property that / x k dE f = T(f k ) for all keN. Here / x k dE f is the 
operator integral L(x k , E*) of the function x \— > x k with respect to see the next Section for 
its definition. So if T and / are such that there exists a unique solution of the described 
moment problem, then the collection of the operators {T(f k ) \ k G N} is eligible to represent a 
quantization E* of /. 

We mention that the approach described above is used, for instance, in [H] in the description 
of a quantum measurement. In a typical measurement situation, where one aims to measure 
a (traditional) quantum observable represented by a selfadjoint operator, one is actually mea- 
suring a noisy or unsharp version of that observable. The noisy version, represented by a 
semispectral measure, may agree with the observable intended to be measured, on the statisti- 
cal level of expectations. The unsharpness of the measurement is reflected in the fact that the 
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dispersion of the measurement statistics is actually greater than what would be obtained in the 
noiseless case. The observable, as represented by a semispectral measure, cannot be described 
using a single operator. Accordingly, in the approach of [14], each moment of the measurement 
outcome distribution is considered to be an average of certain operator, called "operational 
observable", and the collection of these operators then represents the measured observable. We 
want to point out that these "operational observables" are nothing else but the moment oper- 
ators of the semispectral measure representing the observable. Note that these moments need 
not determine the semispectral measure uniquely. In certain special cases, however, they do 
[l2l[Tn], and sometimes even the first moment is enough [8l 125]. 

One way to obtain a quantization map T is to use the operator integral with respect to 
some given positive operator measure E, i.e. define T to be the map / i— > L(f,E). In this 
case, if we define E* on the Borel sets of the real line by B t— > E(f^ 1 (B)) 1 we have simply 
L(x k , E?) = L(f k , E), as is easily seen by using the definition of the next Section and the usual 
change of variables in the integral with respect to a complex measure. So then E* is a solution 
to the moment problem described above, which leaves us with the uniqueness question. Note 
that if we choose E to be a spectral measure, we end up getting only spectral measures as the 
quantized observables, with all the operators L(f k , E) mutually commuting. We also remark 
that, in any case, all the observables obtained via this type of quantization are functionally 
coexistent |26], so that they can be measured together in the sense of Ludwig [211 D.3.1, p. 
153]. 

The structure of this note is as follows. In the Section 2 we give some results on the theory 
of operator integrals and give a simple characterization of the quantization maps which can be 
represented by an operator integral with respect to a positive operator measure. In Section 
3, we consider the operator integral with respect to covariant positive operator measures on a 
locally compact topological group. Section 4 is devoted to the quantizations obtained by using 
the covariant phase space observables in R 2 , and in Section 5, we discuss the "optimal" choice 
for such a covariant observable, in view of quantization. In the last Section, we consider the 
question under what conditions a positive operator measure is a spectral one. 



2. The operator integral 

The basic tool in our quantization procedure is the operator integral. It associates a linear 
(not necessarily bounded) operator in the Hilbert space Ti of a quantum system to each complex 
measurable function on the phase space VL. In this section we review the basic results concerning 
the theory of operator integrals and give some additional remarks in relation to quantization. 

Let Q be a nonempty set and A a a-algebra of subsets of Q. Let Ti be a complex Hilbert 
space and L(Ti) the set of bounded operators on Ti. Let E : A — > L(Ti) be a positive operator 
measure, i.e. a positive operator valued set function which is cr-additive with respect to weak 
operator topology. For each <p,ip ETC, let E^ tV denote the complex measure B \— > (ip\E(B)cp). 
We recall that a normalized positive operator measure E is called a semispectral measure, and 
that a semispectral measure E is a spectral measure exactly when E(A n B) — E(A)E(B) 
for all A, B G A. As mentioned in the Introduction, semispectral measures are also called 
observables. 

Let !F(Q, A), or ^(fl) in brief, denote the set of all complex ^4-measurable functions defined 
on f2, and OiTi) the set of all (not necessarily bounded) linear operators in Ti. For / G .F(fi), 
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define 

D(f, E) = {{p G TC | / is .E^-integrable for each ip G TC}, 

and 

D(f,E) = {y? G H | |/| 2 is S^-integrable}. 

The following result was proved in [22]. The operator L(f,E) appearing in it is called the 

operator integral of f with respect to E. 

Theorem 1. (a) The set D(f,E) is a linear (not necessarily dense) subspace ofTL, and 
there is a unique linear operator L(f,E) = J fdE on the domain D(f,E) satisfying 

(ip\L(f,E) ¥ >) = j fdE^ 

for allip eH and tp G D(f, E). 

(b) The set D(f,E) is a subspace of D(f, E). 

(c) /// is real valued, L(f,E) is a symmetric operator. 

(d) While the inclusion D(f, E) C D(f, E) may in general be proper, D(f, E) = D(f, E) in 
the case where E is a spectral measure. 

Remark. Since the operator measure E is also strongly cx-additive, each set function A 3 
B i— > E v := E(B)ip G TC, for (p G TC, is an 7i-valued vector measure. The definition of the 
operator integral states that D(f,E) is the set of those <p> G TC for which / is integrable with 
respect to the vector measure E v in the sense of [201 P- 21], and L(f,E)ip = j fdE v for each 
if G D(f,E). As pointed out in [2131 P- 37], this definition of integrability is equivalent to that 
of PH| p. 323] (for proof, see gU Corollary 3.6]). 

The vector measure approach provides an easy way to characterize the operator integral 
L(f, E) by approximating / with bounded functions. For each / G and n G N, let /„ be 

such that f n (x) = f(x) if \f(x)\ < n, and f n (x) = otherwise. It is a well-known fact that in 
the case where E is a spectral measure, we have 

D(f, E) = D(f, E) = D f,E :={<peH\ lim L(f n , E)<p exists}. 

n >oo 

In addition, L(f, E)cp = lim n ^ L(f n , E)<p for all <p G D^ E (see e.g. [Til P- 1196]). In the case 

of a general positive operator measure E, this need not be true. For example, take a probability 
measure defined on the Borel sets of M, such that it has a density which is an even function, and 
/ °° xd/i(x) = oo. Let E be the positive operator measure B i— > fj,(B)I, and f(x) = x. Now / is 
not /x-integrable, so D(f, E) = {0}. But if <p G H, we have (ip\L(f n , E)ip) = (ib\(p) j ' xd[i{x) = 
for all n G N and ip G Ti. because the density of /i is even, so that D^ E = TC. 

Thus in the general case, the existence of the limit lim n too L(f n ,E)<p does not guarantee 

that ip G D(f,E). However, the following result holds. 

Proposition 1. Let E : A — > L(TC) be a positive operator measure, and f G JF(S1) . Then 
D(f, E) = {(p ETC | lim L(xBfn, E)<p exists for each B G ^4}, 

n >oo 

and L(f, E)ip = limn—^oo L(f n , E)<p for all ip G D(f, E). 
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Proof. Denote by D the right hand side of the set equality appearing in the statement. Let 

ip G D, and let B G A, with t)b = lim n >oc L(xBfn, E)ip. Since each f n is bounded, we can 

choose a sequence of ^4-simple functions g n , such that \g n (x) — f n (x)\ < - for each n G N and 
iGSl. Clearly the sequence (g n ) converges to / pointwise. Now 



\\L{XBg n - XBfn,E)(f\\ = SUp 

IMI<1 



\9n — fn)dE^ jip 

B 



< - sup \E^ v \{n) < ~\\E{n)\\\\<p\\, 

n ii^ii<i n 



so that 



/ g n dE v - 7] B \\ < -\\E(n)\\\\<p\\ + \\L(x B fn,E)(p-r} B \ 
Jb n 



It follows that the sequence (j B g n dE Lp ) of vectors converges for each B G A (to t]b), so by 
the definition of [TOl p. 323], / is integrable with respect to the vector measure E 9 , i.e. 
ip G D(f,E) (see the Remark following Theorem [l]). Conversely, let <p G D(f,E). Since 
D(f,E) = D(\f\,E) by definition, and for each B G A the sequence (xs/n) converges to xb/ 
pointwise, with |xs/n| < \xbJ\, it follows e.g. from the dominated convergence theorem for 
the vector measure E v (see [101 p. 328]) that 

L(XBf,E)ip= / XBfdE v = lim / XBfndE v = lim L(x B f n ,E)ip 

for each B E A. Thus ip <E D, and L(/, E 1 )^ = lim n L(f n , E)<p. □ 

Remark. 

(a) We now have the subspace inclusions D(f,E) C D(f,E) C D? ,E , with each of them 
possibly proper. In the case where E is a spectral measure, both inclusions are equalities. 

(b) It is well known that in the case where E is a spectral measure, the domain D(f, E) is 
dense. As seen before Proposition [TJ this need not be the case in general, so a question 
arises what is required for E and / to make D(f, E) dense. 

(c) Another difference to the spectral case is that for real valued / G the symmetric 
operator L(f,E) is not necessarily selfadjoint (the adjoint need not even exist), and 
it seems to be difficult, in general, to determine when L(f, E) might have selfadjoint 
extensions. In the case where / is positive and D(f,E) dense, the positive symmetric 
operator L(f, E) of course has its selfadjoint Friedrichs extension. 



As noted in the Introduction, the starting point of our quantization scheme is a map V from 
real valued measurable functions to the set 0{7i). The following theorem characterizes those 
maps T : !F(p) — > 0(TC) which are implemented by an operator integral. The corresponding 
result involving bounded functions is well known. Here the functions f n are defined for each / 
as in Proposition [TJ 

Theorem 2. A map T : jF(fi) — > 0(TC) coincides with the map f \— > L(f,E) for a (clearly 
unique) positive operator measure E if and only if the following conditions are satisfied. 

(i) T restricted to bounded functions is a positive linear map with values in L(7i); 

(ii) if (f n ) is an increasing sequence of positive A-measur able functions converging pointwise 
to a bounded f G J~(&) } then s\xp n&i (ip\T(f n )(p) = (<f\T(f)<f) for each ip G H; 

(iii) for each f G .F(Q), the domain D(T(f)) of T(f) consists of those vectors ip G Ji for 

which the sequence (r(xsZn)v 9 ) of vectors converges for each B G A. 

4 



(iv) for each (p G D(T(f)), the sequence (T(f n )<p) converges to T(f)(p. 

Proof. Assume first that there is a positive operator measure E, such that r(/) = L(f,E) 
for each /. The above properties follow easily: The property (i) is well known (see e.g. 
pp. 26-28]), and (ii) follows from the monotone convergence theorem. Proposition Q] gives 
(iii) and (iv). Next assume that (i)-(iii) hold for a map T : jF(fi) — > 0(Ti). By (i) the 
map A 3 B i— > E T (B) := T(xb) £ 0(7i) is a positive operator valued additive set function. 
Since T is positive for bounded functions by (i), sup ngN in condition of (ii) can be replaced 

by lim n >00 . This implies that each set function B i— > (ip\E r (B)(p) is a positive measure, so 

that E v is a positive operator measure. If / G .F(fl) is a bounded positive function, we have 
(ip\T(f)ip) = (ip\L(f, E T )ip) for all if G Ti, as is seen by approximating / with an increasing 
sequence of simple functions and using linearity, (ii), and the monotone convergence theorem. 
Hence, if / G J-{Q) is bounded, it follows by linearity and polarization that r(/) = L(f,E r ). 
Now let / G be arbitrary. It follows by (iii) and Proposition [T] that D(Y{f)) = D(f,E v ), 

and (since each /„ is bounded), also 

L(f,E r ) V = lim L{f n ,E v )ip = lim F(f n )<p = T(f)<p 

n >oo n >oo 

for all if G D(T(f)) (where (iv) is used), so L(f, E r ) = T(f). □ 

Remark. In the quantization scheme described in the Introduction the classical variables were 
thought to be real valued. Obviously, the preceding Theorem holds also with !F(Q) replaced 
by the set of real «4-measurable functions. 

We end this section by discussing briefly a simple way of obtaining quantization maps without 
the use of positive operator measures. This approach is essentially the one frequently used in 
the conventional quantization (e.g. Weyl quantization): the operator corresponding to a given 
classical variable / : M 2n — > R is obtained by integrating the variable with respect to some 
operator valued function defined on the phase space. The quantization of the variable then 
becomes a continuous distribution valued operator defined on some dense subspace of £ 2 (M), 
which does not depend on the variable itself. In the case of Weyl quantization, for example, 
all the quantized operators are defined on a common domain (see e.g. |HlESj)- However, to 
make the situation similar to that of the operator integral map considered above, we define the 
quantization map in the following simple way. The proof is a direct adaptation of the proof of 
Theorem[T](a) (see |22j). Note that it follows from (i) that the integrand in (ii) is ^.-measurable. 
This is so because \\ip\\ = sup{\(ip\ip)\ \ ip G M, = 1} for any vector ip G Ti, where M. is 
a fixed countable dense set in the separable Hilbert space Tt. Hence the integral in (ii) is well 
defined. 

Proposition 2. Let (Tl,A, //) be a measure space, Ti a separable Hilbert space, and A : Q, — > 
L(7i) a map with the following properties: 

(i) oj t— > (ip\A(u)(p) is A-measurable for all ip, ip G Ti; 

(ii) J B \\A(u)(p\\dfi(u) < oo for each ip EH and B G A with n{B) < oo. 

Then for each A-measurable function f : fi — > C, there exists a linear operator T^if) ^ n 
such that 

D(T\(f)) = {<peH\ f(ip\A(-)tp) is fi-integrable for each ip G Ti,}, 
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and 



<V>|r A (j»= f(x){ip\A(u)<p)d(M(u) ipeTL,^eD(T A (f)) 



Proof. It is clear that D(T\(f)) C TL is a vector subspace. Let (/ n ) be a sequence of simple 
functions converging pointwise to /, with \f n \ < \f\ for all n G N. Since |(^|A(o;)</?)| < 
H^ll ||A(o;)yj|| for each if), <p G TL, u G Vt, it follows from (ii) and (i) that for each n G N, we have 
D(TA(fn)) = W and the linear functional ^ i— > J f n (u>)(if)\A(uj)ip)dfi(uj) is continuous for each 
Lp eH. Hence, for each n G N and </? G 7Y, there is ^ G 7Y, such that 



for all if) G 7Y. Now, let </? G -D(Fa(/)). Since |/ n | < |/| for all n, the dominated convergence 
theorem implies that the sequence (if)\r}%) converges for each if) G TL to J /(o>)(^|A(o;)<^)cf/i(u;), 
so by the uniform boundedness theorem and the reflexivity of TL, there is T\(f)(p G TL, such 
that 



for all if) G TL. Clearly, the map D(T\(f)) 3 <p \— > T\(f)ip G TL is linear, so the proof is 



Remark. Consider the situation where we have a locally compact unimodular topological 
group G, with a left Haar measure /i, and a strongly continuous projective unitary repre- 
sentation U : G — > U{TL). Then, for any A G L(TL), the map A : G — > L(TL), defined by 
A(p) = U(g)AU(g)* , satisfies the conditions of the preceding Proposition, so we get the cor- 
responding quantization map T\. Notice that in the case where the representation is square 
integrable and A positive, the quantization map T\ can be represented by an operator integral 
if and only if A has finite trace. Namely, the case Tr[A] = oo gives D(T\(xg)) — {0} (see 
e.g. [IHl Lemma 2]), while the case Tr[A] < oo leads to the usual quantization map given by 
the operator integral with respect to a covariant positive operator measure (multiplied by some 
constant). 

Consider the case where G = M 2 , U(g) = U((q,p)) are the Weyl operators, and A is the parity 
operator L 2 (R) 3 if) \— > ip(~-) G L 2 (R) (multiplied by a suitable constant). Now T\ is the Weyl 
quantization map. It is well known that for / G L 1 (M 2 )UL 2 (IR 2 ), the operator T\(f) is bounded. 
Moreover, if / G L 2 (R 2 ), then T\(f) is a Hilbert-Schmidt operator, and if / is a Schwartz 
function, then T\(f) is a trace class operator (see e.g. [36J). It is a well known fact that the Weyl 
quantizations of the classical position and momentum variables are the position and momentum 
operators Q and P, in the "distributional" sense. Note, however, that the actual domains of Q 
and P are not given by the formula of the preceding theorem. For example, the characteristic 
function i s i n the- domain of Q, but the function (q,p) q(X[-i,i]\A(q, p)x[-i,i}) is n °t 

(Lebesgue)-integrable, as is easily seen by calculating the explicit form of the function. 



We now take the set f2 of the preceding section to be a locally compact second countable 
unimodular topological group, henceforth denoted as G, and let B(G) denote the Borel a- 
algebra of G. Fix A to be a Haar measure in G. Let T{TL) denote the Banach space of trace 
class operators on the Hilbert space TL, and let Aut(T(7i)) denote the set of linear, positive, 





complete. 



□ 



3. Covariant quantization 
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trace norm preserving bijections from T(7i) onto itself. We consider it equipped with the 
topology given by the functional Aut(T(7Y)) 3 /5 i — > Tr[A/3(T)] G C, where A G L(H) and 
T G T(H). 

Assume further that there is a continuous group homomorphism (3 : G — > Aut(T (H)) and a 
constant d > 0, satisfying 

(1) J Ti[PiP(g)(P 2 )]d\ = d for all one-dimensional projections P\ } P2 on H. 

We now consider quantizations connected to the structure of G given by the homomorphism 
(3, in the following sense: A map Y : F(G) — > 0(7i) with the property that G £(7i) for all 
bounded functions / G -^(G) is said to be f3-covariant, if (3(g)*(T(f)) = T(f(g-)) for all g G G 
and all bounded functions / G F(G). 

If T is such that it can be represented by the operator integral with respect to an observable 
E, (i.e. T satisfies the conditions of Theorem OJ, then it is straightforward to verify that T is 
/3-covariant if and only if the observable E is /3-covariant in the following sense: An observable 
E : B(G) -+ L(H) is said to be (3-covariant if (3(gf(E(B)) = E(g~ l B) for all g G G, B G B{G). 

Covariant observables are essential in quantum mechanics, and hence they have been studied 
quite extensively. The canonical examples of covariant observables are constructed e.g. in 0, 
and there are (at least) two completely different ways to obtain their characterization: a direct 
approach [Tj3 EHl EE) , which uses the theory of integration with respect to vector measures, and 
a group theoretical approach jHj. The most general of these characterizations is in [H]. In our 
context of a unimodular group, the characterization is given by the following theorem. 

Theorem 3. Let T be a positive operator of trace one. Then there is a (3-covariant observable 
E T : B(G) -> L{H), such that 

(2) E T (B) = d- 1 [ P(g)(T)d\(g) 

J B 

in the ultraweak sense for each B G B(G). Conversely, assume that E : B(G) — > L(7i) is 
a (3-covariant observable. Then there is a unique positive operator T of trace one, such that 
E = E T . 

If E is a /3-covariant observable, we call the corresponding trace-one positive operator T the 
generating operator for E. Thus, for a /3-covariant observable E, we have 

D(f,E) = {<peH\g^ f{g){ip\P(g)(T)tp) is A-integrable for each ip G H} 

and 

^\L(f,E) V ) = d- 1 J f{g){^{g){T) V )d\{g) 

for all if G D(f, E) and if) G 7i, where T is the generating operator for E. 

According to the Wigner theorem, each f3{g) has the form f3(g)(T) = U(g)TU(g)* for some 
unitary or antiunitary operator U(g), which is unique up to a phase factor, so that (3(g) cor- 
responds to the associated equivalence class of unitary operators (see e.g. p. 19] or [TBI 
p. 22]). It follows that, in the case where G is connected, the map g i— > U(g) is a weakly 
(Borel) measurable projective unitary representation of G, where each U(g) is chosen from the 
equivalence class corresponding to (3(g) by means of some (measurable) section (see (TU p. 23] 
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and |3 pp. 30, 100]). The relation (|TJ) gives the so-called square integrability condition 

J MU(g) V )\ 2 d\(g)=d 

for all unit vectors ip, <p G TC. Clearly, for each (p,ip ETC there is a g G G such that (ip\U(g)ip) ^ 
0. This implies that the closed linear span of {U(g)(p \ g G G} is dense in TC for each if G TC, 
which means that the projective representation g \— > U(g) is irreducible. The /3-covariance 
condition for an observable E takes the form U(g)*E(B)U(g) = E(g~ 1 B) for all g G G, 
B G B(G). 

Hence, we know that each covariant quantization map V : F{G) — > 0(TC), which can be 
represented by an operator integral, is of the form r = T T := L(-,E T ) for some generating 
operator T. It is worth noting that in certain cases the observables produced by the quantization 
scheme associated with a map T T are never spectral measures. Namely, the irreducibility of U 
implies the following, perhaps well-known result. 

Proposition 3. Assume that G is connected, and that the projective representation U associated 
with /3 is strongly continuous. Let T G T{TC) be positive and of trace one. Then the only 
projections in the range of E T are O and I. 

Proof. First we notice that if E T (X) is a projection for some X G B{G) and positive operator 
T of trace one, then there is a nonzero tp £ H, such that E^^(X) is a projection. Indeed, let 
T be a positive operator of trace one, A > an eigenvalue of T (so that A < 1) and (p G TC an 
associated eigenvector. Then we can decompose T as T = \\ip)(ip\ + (1 — A)T', where 
and T' are positive and of trace one, so we can write E T (X) = XE^^^X) + (1 — \)E T (X). 
Since any projection is an extreme point of the convex set {A G L{7i) \ < A < 1} (see e.g. 
p. 19]), it follows that if E T (X) is a projection, then E T (X) = E^\X). 

Hence, it suffices to show that for each unit vector i] EH, the only projections in the range 
of ijlwwl are o and /. Denote T = \?]){ri\, and assume that there is a projection P in the range 
of E T . Then PE T (B) = E T {B)P for all B G B(G) [23- Let <p G TC. Now 

/ (<p\Pp(g)(T)<p)d\(g)= [ (<p\P(g)(T)P<p)d\(g) 

J B JB 

for all B G B{G). Since g \— > (ip\(P/3(g)(T) — /3(g)(T)P)ip) is continuous, it is thus zero for all 
geG. Hence, P(3{g){T) = (3{g){T)P for all g G G. 
Let U v denote the map g h- > U(g)r). We then have 

p|^)X^)| = |^)X^)|p 

for all g G G. 

It follows that for each g G G, either U v (g) G P{TL) or U v {g) G P{TC) L . Let / : G -> {0, 1} 
be the function such that f(g) = if U v (g) G P(H) and f(g) = 1 if U v (g) G P{TC) L . Then / 
is continuous, when the set {0, 1} is equipped with the discrete topology. Indeed, let go G G. 
Since U r , is continuous, W = U~ l {{(p G TC \ {{U^go) — ip\\ < V2}) is an open set in G containing 
go- Assume first that f(go) = 0. Since all vectors U v (g) are of unit length, it follows that 
\\U r ,(g) - U v (go)\\ = V2 whenever f(g) = 1. Hence, f(W) C {0}. Similarly, if we assume that 
f(go) = 1, it follows that f(W) C {1}. This implies that / is continuous. Since G is connected, 
/ cannot be a surjection, so either U v (g) G P(TC) for all g G G, or U n (g) G PiTC) 1 - for all g G G. 
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But, due to the irreducibility of the projective representation U, the closed linear span of the 
set {U v (g) | g G G} is dense in Ti. This is clearly possible only if either P = I or P = O. The 
proof is complete. □ 

The following observation is another consequence of the irreducibility of the projective rep- 
resentation associated with (3. It uses a calculation similar to that appearing e.g. in |101 p. 40] 
in a different context. Part (a) is mentioned also in 

Proposition 4. Assume that G is connected and let U be the projective representation associ- 
ated with (3. Let E : B{G) — > L(TC) be a (3-covariant observable. 

(a) Assume that f G T(G) is such that D(f,E) C D(f(g-),E) for all g G G. Then 
U(g)D(f, E) = D(f, E) for all geG, and either D(f, E) = {0} or D(f, E) is dense. 

(b) Assume that f G F(G) is such that D(f,E) C D(f(g-),E) for all geG. Then 
U{g)D(f,E) = D(f, E) for all geG, and either D(f, E) = {0} or D(f, E) is dense. 
Moreover, 

(3) U( g yL(f,E)U(g)cL(f(g.),E) 
for all geG. 

Proof. Let T be the positive trace one operator associated with E, so that 

D(f,E) = {veH\g^\f(g)\ 2 (v\U(g)TU(gy V ) is A-integrable }; 

D(f,E) = { V eH\g^ \f{g)\\{ilj\U{g)TU{gy<p)\ is A-integrable for all $ G H}. 

For all h,g G G, we have U(h)*U(g) = c(g,h)U(h~ 1 g), where (h,g) i— > c(h,g) is some torus 
valued function, so that U(g)*U(h) = [U(h)*U(g)}* = c(g,h)- l U{h~ l g)*, and hence 

(4) U(h)*U(g)TU(g)*U(h) = U^g^ll^g)* . 

(a) Let ip e D(f,E), and h G G. By the left invariance of the Haar measure and (JH), we 
have 

J \f{g)\ 2 (U{h) V \U{g)TU{gyU{h)v)d\{g) = J ^^{^{h-^TU^gYip)^ 

= J \f(hg)\ 2 ( V \U(g)TU(gy V }d\(g), 

with all the integrands positive. Since (p G D(f(h-), E) by assumption, the last integral is finite, 
so U(h)(p e D(f,E). Thus D(f,E) is an invariant subspace of the projective representation 
U, implying that the closure D(f,E) is a closed invariant subspace of U. It follows from the 
irreducibility of U that D(f, E) is either trivial or dense. The fact that U(h)D(f, E) = D(f, E) 
follows because we have U(h~ l ) = c'{h)U{h)* for some torus valued function d . The proof of 
(a) is complete. 

(b) Let h e G, (p G D(f, E), and tp G H. Then by using (J3j) and the assumption, we get 
J \f(g)\\(il;\U(g)TU(gyU(h)<p)\d\(g) = J \f(g)\\(U(h)U(hy^\U(g)TU( g yU(h)<p}\d\(g) 

= J \f{g)\\{U{hy^\U{h- l g)TU{h- l g y^)\d\{g) 

= J \f(hg)\\(U(hyiP\U(9)TU( g y<p)\d\(g)<oo, 
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so that U(h)ip G D(f,E). Thus D(f,E) is an invariant subspace for U, and hence D(f,E) is 
either trivial or dense. The fact that U(h)D(f, E) = D(f,E) follows for the same reason as 
the corresponding one in (a). 

Let h G G. By repeating the preceding calculation without the absolute value signs, we get 

(iP\L(f,E)U(h)p) = (U(hyiP\L(f(h-),E)p) = (iP\U(h)L(f(h-),E)<p) 

for each ip G H and (p G U(h)*D(f, E) = D(f, E) C D(f(h-), E), so that © holds. □ 

Remark. 

(a) If we assume D(f, E) = D(f(g-), E) for all g G G, then PropositionHJ(b) gives the strict 
operator equality U(g)*L(f,E)U(g) = L(f(g-),E) for each g G G, with dense domain 
D(f,E). This resembles the covariance condition for the observable E. 

(b) Since each E^ tip is a finite measure, it is clear that the conditions of Proposition E] (a) 
and (b) are satisfied e.g. by all functions / G F{G) with the property that for each 
h G G there are nonnegative constants Kh and Mh, such that \f(hg)\ < Kh\f(g)\ + Mh 
for almost all g G G. In the case where G = R 2n (see the beginning of the next Section), 
all polynomials of the form R 2n 3 (x\, . . . ,X2 n ) v{ x i) £ ^? where p : R — >• R is a 
polynomial and £ = 1, . . . , 2n, are like this. 

4. Phase space quantization on R 2 

Consider the special case where G = R 2 , with A the Lebesgue measure. Fix {\n)} to be 
an orthonormal basis of TC, and let U : L 2 (R) — » be the unitary operator which maps 
the nth Hermite function h n to |n). Define W(q,p) = UW (q,p)U~ 1 , where (W / o(o , ;P)/)(^) — 
e i±qp e iptf( t + g ) ; and ^ . R 2 _^ Aut(T(W)) by P(q,p)(T) = W{-q,p)TW{-q,p)* . Now /3 is a 
continuous qroup homomorphism, satisfying with d = 27r, and A the Lebesgue measure of 
R 2 . Let A± be the ladder operators associated with the basis {|n)}, and define Q and P to be 
the closures of the operators ^(A + + AJ) and -^i(A + — A_), respectively. Then A + = A* , 

and Q and P are unitarily equivalent to the position and momentum operators in L 2 (R) via 
U. Let N denote the selfadjoint operator A + A-. 

According to the general result described above, each positive operator T of trace one gen- 
erates the map / i— ► L(f, E T ), where 

E T (B)=d~ 1 [ p(q,p)(T)d\(q,p). 

The generating operators T of the form T = J2n w n\ n ) ( n \i where ^ n w n = 1, and w n > for 
each n, have a special significance, as they are the ones for which E T is covariant with respect 
to the phase shifts also, i.e. 

e i9N E T ([0, oo) x B)e~ ieN = E T ([0, oo) x (B + 6)) 

for all 9 G [0,2vr) and B G B{[0,2tt)), where R 2 = [0, oo) x [0, 2tt) and the sum B + 9 is 
understood modulo 2n. (cf. [23] )• 

Since (q,p) W(q,p) is a strongly continuous projective representation, and R 2 is connected, 
Proposition[3]tells us that the range of E T does not contain nontrivial projections. In particular, 
the corresponding quantization scheme cannot then produce spectral measures. 
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In this Section, we inspect the possibility of applying the quantization scheme described 
earlier to the classical position and momentum variables, using the quantization map T T = 
L(-,E T ) with various generating operators T. For each k G N, let x k and y k denote the 
functions (q,p) i— > q k and (q,p) ^ p k . 

The essential question is whether the operator measures B \— > i? T (BxR) and 5 t— > £ r (lx B) 
are uniquely determined by their respective moment operator sets {T T (x k ) \ k G N} and 
{T T (y k ) | k G N}. It is known that this is indeed the case when T is a number state |n)(n|, 
n G N (see [13j). In that case, the operator sets {T T (x k ) \ k G N} and {T T (y k ) \ k G N} are 
eligible to represent the quantizations of a; and y, respectively. As is well known, the associated 
quantum mechanical observables are unsharp position and momentum observables. 

Our goal here is to explicitly determine the operators T T (x k ) and T T (y k ) for certain generating 
operators T. 

To begin with, we consider the square integrability domains. According to Proposition HI and 
the associated Remark, these sets are either dense or trivial. The following two Propositions 
specify them completely. 

Proposition 5. Let k G N, let r\ G Ji be a unit vector, and denote u = U~ lr q G L 2 (IR). 

(a) D(x k ,E^) ^ {0} if and only if rj G D(Q k ), and in this case, D(x k ,E^^) = D(Q k ). 

(b) The statement of (a) holds true, if "x" and "Q" are replaced by "y" and "P". 

Proof Let ^ <p G H and / = G L 2 (R). We get 

J^q 2k dE^(q,p) = ^Jq 2k (jMW(-q,P)\v)\ 2 dp^dq 

j \F(u(--q)f)(p)\ 2 dp^ dq 

J \u(t-q)\ 2 \f(t)\ 2 d?j dq 

J q 2k Ht-q)\ 2 \f{t)\ 2 dq^ dt 

= J J(t-q) 2k \u(q)\ 2 \f(t)\ 2 dqdt, 

where Lemma 2 of [18J, the unitarity of the Fourier-Plancherel operator, and Fubini's theorem 
have been used. (Since all the functions and measures involved are positive, the calculation is 
valid regardless of whether the integrals are finite or not.) 

Now the last integral is finite if and only if ip and r] are both in D(Q k ). This is seen as 
follows. 

Assume first that the last integral is finite. Then it follows from Fubini's theorem that 
t h (f- q) 2k \f{t)\ 2 \u{q)\ 2 is integrable for almost all q, and q h-> (t — q) 2k \u(q)\ 2 \f(t)\ 2 is 
integrable for almost all t. Thus t i— >• t 2k \f(t)\ 2 and q i— > q 2k \u(q)\ 2 are integrable. (The fact 
that t ^ ^ 2fc |/(^)| 2 is integrable is seen as follows: Take q G R, such that |w(<7)| 2 > and 
t i — ► (t — q) 2k \f(t)\ 2 \u(q)\ 2 is integrable. This is possible, since ||t/|| > 0, which implies that 
|w(g)| 2 > in some non-null set. Then use the fact that there exist positive constants A, B, M, 
such that At 2k < (t-q) 2k < Bt 2k for \t\ > M. The fact that q ^ q 2k \u(q)\ 2 is integrable follows 
similarly, since we assumed that also \\(p\\ > 0.) Thus / and u are in the domain of the kth 
power of the position operator in £ 2 (R), so <p, r\ G D{Q k ). 
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Conversely, assume that (f,rj G D(Q k ), so that t h- > t 2fc |/(i)| 2 and g i— > g 2fc |-u(g)| 2 are inte- 
grable. Hence also t i— > |t'||/(i)| 2 and g h- > |g z ||M(g)| 2 are integrable for all / < 2k, implying 
that (t,q) i ^ (t g) 2fc |«(g)| 2 |/(t)| 2 is integrable over M 2 . Thus the last integral of the above 
calculation is finite. 

We conclude that D(x k ,E^) ^ {0} if and only if rj G D(Q k ), and in this case, D(x k , E^) = 
D(Q k ). 

The result concerning D(y k ,E^) is obtained in an analogous manner by using the calculation 
J^p 2k dE;jq,p) = -L j \ 2k (^j '\{ip\W{-q,p)\r,)\ 2 d^dp 

p 2k (J \F-\F^(.-p)Ff)(q)\ 2 dq^dp 

p 2k (| \Fu{t-p)\ 2 \Ff{t)\ 2 dx^dp 

p 2k \Fu{t-p)\ 2 \Ff{t)\ 2 dp^ dt 

(t-p) 2k \Fu(p)\ 2 \Ff(t)\ 2 dpdt, 

as well as the fact that P = U F^U^QU FU' 1 . □ 

Now we consider the case of an arbitrary positive operator T of trace one. The following 
elementary fact is needed. The proof is included for the reader's convenience. 

Lemma 1. Let T be a positive operator of trace one. Let (r) n ) be an orthonormal sequence 
and (w n ) a sequence of nonnegative numbers, such that T = ^2 n w n \r} n )(r) n \. Let A be a closed 
operator. Then 

oo 

^2w n \\Ar] n \\ 2 < oo, 

?1=1 

if and only if Ay/T is a Hilbert- Schmidt operator. (Here we have denoted ||v4?7n|| — oo whenever 
f] n ^ D(A), and used the convention • oo = .) In particular, the convergence of the series is 
not dependent on the representation ofT in terms of (rj n ) and (w n ). 

Proof. Let S = Yl™=i w n\\Ar] n \\ 2 (< oo). Assume first that S < oo, so that, in particular, r\ n G 
D(A) for all those n G N for which w n > 0. Let (p G TC. Since the series \/T = J2 n y/w^\r] n ) (j} n \ 
converges in the operator norm, the vector series ^Jw^{r] n \^p)r] n converges to \/T(p in the 
norm of Tt. Since (r] n ) is orthonormal, the Cauchy-Schwartz inequality gives 

^Vw^l {rj n \ip)\\\Arj n \\ < \/S\\(p\\ < oo, 

n 

so also the series J2 n ^Jw^{rj n \ip) Ar) n converges in norm. Since A is closed, it follows that 
x/T(p G D(A) and A\/T(p equals the sum of the latter series. In particular, D(A\/T) = H. 
Now the previous inequality shows that ||AV^Vll < V^MI, so A\/T is bounded. Clearly 
X^eK II^V^^II 2 — S < oo if /C is an orthonormal basis of H which includes all the r] n , so A\/T 
is Hilbert-Schmidt. 
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Assume then that A\/T is a Hilbert-Schmidt operator. Now r\ n = w n 2 vTr] n G D(A) if 
w n > 0, and S = X^e/e II ^V^£ II 2 < 00 j where /C is an orthonormal basis including all the 
Vn- □ 

Proposition 6. (a) let fceN. Tnen D(x k ,E T ) ^ {0} t/ and on% if Q k \fT is a Hilbert- 
Schmidt operator, and in that case, D(x k ,E T ) = D(Q h ). 
(b) The statement in (a) holds true, if "x" and "Q" are replaced by "y" and "P". 

Proof. Write T in the form T = J2n=i w n\Vn)(Vn\, where J2 n w n = lj t n > 0, and (r/ n ) is an 
orthonormal sequence in 7i. The series converges in the trace norm, as well as in the operator 
norm. 

For each (p G H, let A 1 ^ be the density function of the positive measure ,. Since the 
density function of the measure E^ }ip is ~Y^ n w n A^ v , we have cp G D(x k ,E T ) if and only if the 
function x 2k ^j n w n A^ ^ s integrable over R 2 . In view of the Proposition it is therefore clear 
that D(x k , E T ) ^ {0} only if r\ n G D(Q k ) for all those n G N for which w n > 0, and that in any 
case, D(x k ,E T ) C D(Q k ). 

Assume now that r] n G D(Q k ) for all n G N with w n > 0, and 0^6 P>{Q k )- Let 
m„ = U~ x ri n for each n. The monotone convergence theorem and the proof of Proposition El 
imply that 

I x 2k dE^ = J> n [ x 2k dE^ = f f Y,{t~<l) 2k ^n\u n {q)\ 2 \{U- l V ){t)\ 2 dtd q 

(regardless of whether the series converges or not). Now if the above integral is finite (i.e. 
(f G D(x k ,E T )), then Fubini's theorem gives that q i-> (t — q) 2k \(U~ 1 if)(t)\ 2 ^2 n w n \u n (q)\ 2 is 
integrable for almost all t, so by the argument similar to that used in the proof of the preceding 
Proposition, it follows that J2 n w n\\Q k Vn\\ 2 — J J2 n w nq 2k \ u n(q)\ 2 dq < oo. On the other hand, 
^ Tim w n\\Q kr ln\\ 2 < oo, then each function q \— > J2 n w nq l \u n {q)\ 2 , with I < 2k is integrable, 
so that [q, t) \— > ^2 n (t — q) 2k w n \u n (q)\ 2 \(U~ 1 <p)(t)\ 2 is integrable over M 2 . (Note that since we 
assumed that ip G D(Q k ), the function t i— > i'|({7 _1 <^)(£)| 2 is integrable for each / < 2k.) Thus 
/ x 2k dE^ v < oo, so (p G D(x k , E T ). 

We have proved that D(x k , E T ) ^ {0} if and only if r) n G D(Q k ) for all n G N with w n > 0, 
and 

oo 
n=l 

(where it is understood that ||Q fc 77ri|| = oo if r) n £ D(Q k ) and we use the convention 0-oo = oo). 
Since Q k is closed, (a) follows from the preceding Lemma. The statement of (b) is proved 
similarly, since 

x 2k dE^ = j fj2Mt~P) 2k \Fu n (p)\ 2 \FU'Mt)\ 2 dpdt, 

P = UF~ 1 U~ 1 QUFU~ 1 , and P k is also closed. The proof is complete. □ 

Now we proceed to determine the operators L(x k , E T ) and L(y k , E T ) for T = ^2 n w n \r] n )(rj n \ 
satisfying the condition of the preceding Proposition. 
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Theorem 4. (a) Assume that T satisfies the condition of the previous Proposition (a). 



Then L(x k ,E T ) = J2Lo s kiQ l > where s ki = ({)(-l)*" l Tr[Q fc - , r], with each Q k ~ l T a 



trace class operator. 

(b) The statement in (a) holds true, if "(a)", "x" and "Q" are replaced by "(b)", "y" and 



Proof. Assume first that T = \q){r}\ for t] E D(Q k ). Denote u = U 1 t] E L 2 (R). Define a 
polynomial p v : M — > M. by 



Since p v is a polynomial of order k, the operator p^i^Q) is selfadjoint, and has the domain 
D(Q k ). Thus by Proposition we have D{p r >{Q)) = D(Q k ) = D(x k , E^W). 

Let ip E D(x k ,E^) C D(x k ,E^), and if) E H. Let / = 17" V, 5 = Since the 



The fifth equality follows from Fubini's theorem, since (q, t) i— > (7 fc |tt(£ — g)| 2 <7(£)/(£) is integrable 
(because of the Cauchy-Schwarz inequality and the square integrability of the maps (q, t) i— > 
~~ oOfi'WI an d (g, t) i— > |g fc M(t — the latter being a consequence of the proof of 

Proposition El) It follows that p"(Q) C L(z fe , E^). 

The equality p v (Q) = L(x k , E™™) follows from the fact that being selfadjoint, the operator 
p v (Q) cannot have a proper symmetric extension. 



Now we take T = J2 n w n\ r ln)( r ln\ under the condition of the preceding Proposition, so that 
D(x k ,E T ) = D(Q k ) = D(x k ,E^^\) for each n. Let <p E D(Q k ) and ip E H, and f,g be as 




function 



(q,p) i * q k {ip\W(-q,p)\r])((p\W(-q,p)\rj) 
is integrable over IR 2 (by the definition of D(x k , E^)), we get 




before. 
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According to Proposition 1 of [18], we have 

oo oo 

(ip\L(x k , E T )(p) = ^w n ^\L(x\E^^)ip) = ^w n (ij\p^(Q)<p) 

n=l n=l 
oo k s, \ 

= E w "E ( i) (-i) k - l (vn\Q h - i vn)(m<p)- 

71=1 1=0 ^ ' 

Since 

IIQ^nll 2 = / q^KU-'VnMfdq <1 + J g 2fe |(t/- V)(<?)| 2 ^ = 1 + \\Q k Vn \\, 

it follows from the preceding Lemma that also each Q k ~ l VT is defined in all of TL and is 
a Hilbert-Schmidt operator. Thus each Q k ~ l T = Q k ~ l \/T\/T is defined in all of TL and is 
a bounded operator of trace class. Thus the series ^ n w n (rj n \Q k ~ l r] n ) converges (clearly to 
Tr[Q fc -'T]) for each I, so 

k 

ML(x k ,E T )p) = J2 s kiWQ l v)- 

1=0 

Since (p was arbitrarily chosen from the set D(x k , E T ) = D{Q k ) and the operator Y^i=o s kiQ l 18 
selfadjoint, we conclude that L(x k ,E T ) = X/i=o s w^s an( ^ the P ro °f °f ( a ) is complete. 

The statement (b) is proved similarly by using the unitary equivalence of Q and P. □ 

Remark. As mentioned at the beginning of the Section, the uniqueness of the operator measure 
which gives the moment operators of Theorem El is verified only in the case where T = |n)(n| 
for some n. The uniqueness question in the general case remains open. 

We close this Section with a remark on an another application of our quantization scheme. 
Consider the function h(q,p) = \{q 2 + p 2 ), i.e. the classical oscillator energy variable. It 
is known that for each n e N, the operators {h k ) , k G N, are the moment operators 

of the polar margin of the phase space observable E^ n '^, and that the marginal observable 
is uniquely determined by its moments [12J. Thus a quantization of h is given by the set 
{rl n ^™l(/i fc ) | k £ N} of operators. These operators were determined explicitly in [22]; they are 
certain polynomials of the usual oscillator Hamiltonian \{Q 2 + P 2 )- The quantized oscillator 
energy observable is the unsharp number observable (see [3J p. 90]). 

5. Optimal phase space quantization in R 2 

Consider the situation of the previous Section. At least in the case where T = |n)(n|, the 
quantizations of the position and momentum variables x and y corresponding to the covariant 
quantization map T T = L(-,E T ) are the Cartesian margins of E T , or, equivalently, the sets of 
the operators {T T (x k ) \ k G N} and {T T (y k ) \ k G N}. If the margins were projection valued, 
the quantization of e.g. x would just be the spectral measure of L(x,E T ), with each operator 
L(x k ,E T ) equal to the corresponding power of L(x,E T ). Although this is not the case, we 
can still try to find those generating operators T for which the situation would be in some 
sense close to this ideal situation, where only the first power of x is needed to determine its 
quantization. 
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First, we can find the generating operators T which give L(x, E T ) = Q and L(y, E T ) = P, 
so as to make the operators T T (x) and T T (y) equal to the actual position and momentum 
operators. In view of Theorem |3l we know that the square integrability domains of L(x, E T ) 
and L(y, E T ) are nontrivial if and only if QVT and Py/T are Hilbert-Schmidt operators. In 
that case we have, 

L(x,E T ) = Q - Tr[QT]I; 
L(y,E T ) = P-Tr[PT]I. 

So if we assume that the square integrability domains of L(x, E T ) and L(y, E T ) are nontrivial, 
we have L(x,E T ) = Q and L(y,E T ) = P exactly when T is such that Tr[QT] = Tr[PT] = 0. 
This occurs, for example, if we choose T to be a mixture of number states, i.e. T = J2n w n\ n )( n \- 
Then the above Hilbert-Schmidt conditions take the form J2n WnU < 00 i^J- 

Consider next the operators T T (x 2 ) and T T (y 2 ). According to Theorem |U they are given by 

L(x 2 , E T ) = Q 2 - 2Tt[QT]Q + Tr[Q 2 T]J; 
L(y 2 , E T ) = P 2 - 2Tr[PT]P + Tr[P 2 T]J, 

provided that Q 2 y/T and P 2 \/T are Hilbert-Schmidt operators (or, equivalently, that D(x 2 , E T ) 
and D(y 2 ,E T ) are nontrivial). In order to make the situation close to the spectral measure 
case, we would like to minimize the "noise" operators R T (x) = L(x 2 ,E T ) 2 — L(x,E T ) 2 and 
R T (y) = L(y 2 ,E T ) 2 -L(y,E T ) 2 . Now 

R T (x) = (Tr[Q 2 T] - Tr [QT] 2 ) I = Var(Q,T)J; 
R T ( y ) = (Tr[P 2 T] - Tr[PT] 2 )/ = Var(P,T)J, 

on the domains D{Q 2 ) and P(P 2 ), respectively, where e.g. Var(Q, T) denotes the variance of the 
probability measure := Tr[TP Q (-)], with E Q the spectral measure of Q. The last equalities 
are obtained as follows: Let T = J2 n w n\ r ln) (Vn\, Pt = Tr[TP Q (-)], and p® = (r] n \E Q (-)r] n ) , 
where E Q is the spectral measure of Q. Now p® = ^2 n w n p^, with the series converging 
absolutely in the total variation norm, so we have (by e.g. Lemma 1 of [IE]) that 

Tr[Q 2 T]-Tr[QT] 2 = Y,w n { Vn \Q 2 Vn ) - {J2™n{Vn\QVn)) 2 



w n J x 2 dp® — w n J xdp®) 2 = J x 2 dp® — ( J xdp. 



Q\2 
T) ■ 



Therefore, R T (x) = Var(Q,T). The result R T (y) = Var(P, T)I follows similarly. Since 
Var(Q,P) and Var(P, T) are always positive, we see explicitly that R T (x) and R T (y) are never 
zero. 

As is well known, the generating operator T can be chosen so that e.g. R T (x) = Var(Q,T)I 
is arbitrarily small (in the sense that ||P T (x)|| = Var(Q,T) is such), but then R T (y) becomes 
large, because of the inequality Var(Q, T)Var(P, T) > \. The product R T {x)R T {y) can reach 
its lower bound 7 only in the case where T is a vector state of minimal uncertainty. If we assume 
that Tr[QT] = = Tr[PT] as discussed before, the operators T that give R T (x)R T (y) = \ are 
of the form T = \r]){rj\, with 

t 2 

16 



where Aq > (in fact, (Ag) 2 = Var(Q, \v)(v\) P- 92]. Moreover, we could require that 
R T (x) = R T (y), so as to make the situation symmetric between x and y. This leaves us 
with only one generating operator, namely T = |0)(0|. Note that this choice indeed gives 
a quantization of position and momentum, for the associated operator measure is uniquely 
determined by its moment operators (see Remark of Theorem |3J). 



Let E : B(R) — > L(H) be a positive operator measure. If E is a spectral measure, the first 
moment L(x,E) is always selfadjoint on the domain D(x,E), and J x 2 dE VtV = \\L(x, E)(p\\ 2 

for all (p G D(x,E). In the case of a general positive operator measure, this need not be true, 
as the above case of the Cartesian margins of the phase space observable E T demonstrates. It 
turns out that this condition is sufficient for a positive operator E to be a spectral measure. 
The proof of this fact can be found in [U p. 130]. Since that proof does not contain certain 
details which are perhaps not obvious, we give a (slightly different) proof here as part (b) of 
the following Proposition. 

An adaptation of the steps leading to the result in |HH P- 466] gives part (a) of the following 
Proposition. For each k G N, we let L(x k , E) denote the restriction of L(x k , E) to D(x k , E). 

Proposition 7. Let E : B(M) — > L(7i) be a positive operator measure, such that 



for all if G D(x, E). 

(a) L(x n , E) = L(x, E) n for all n G N. 

(b) If L(x,E) is assumed to be selfadjoint, then E is projection valued. 

Proof. Let P : £>(R) — ► /C be a Naimark dilation of E into a spectral measure acting on a 
Hilbert space K. Let V : H — ► /C be the associated isometric map, so that E(B) = V*P(B)V 
for all B G £>(M). Denote by P-h the projection VV* , acting on fC with VTi as its range. (Note 
that V*V is the identity operator of H.) Now L(x k ,E) = V*L(x k ,P)V for each k G N (see 
[21]). Since P is a spectral measure, we thus have 



for all k G N, where A = L(x,P). Denote E\ = L(x,E). We prove by induction that for each 
n G N, 



Take first n = 1, and let <p G D(x, E) = D(E\) = D(AV). Since the measures E^^ and Pv<p,vtp 
are the same, and P is a spectral measure, the assumption implies that 



6. When is a positive operator measure projection valued? 




(5) 



L(x k ,E) = V*A k V 



(6) 



D(x n , E) = D(E%), and A n Vp = VE^ for all <peD(x n ,E). 





Using © and the fact that V is isometric, we thus get 

\\AV<p\\ 2 = \\E lV \\ 2 = \\V*AV<pf = \\P H AV V \\ 2 . 



Since Ph is a projection, this means that 

(7) AV<p = P H AVip = VE lV for all <p G D(x, E) = D{E X ) 
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i.e. (JBJ) holds for n = 1. Now let k G N, k > 1, and assume that © holds for n = k — 1. 
Let y^G D{x k ,Ey By this implies that V> G £>(A fc ), so that AVV G D^* -1 ). Since 
V? G D(x k ,E) C D(x,E), it thus follows from © that V^y?) = AV> G D(A fc_1 ), so © and 
the induction assumption give Eiip G Z)(x* -1 , i?) = D(E^'~ 1 ). Hence, y? G D(E k ). Conversely, 
if tp G then y? G 5(x,£) = D(AU) and £iy? G D(E k ^ 1 ) = D(x k -\E), so AUy> = 

VjiEup) G ^(A^ 1 ) by © and ©, implying that Vy? G £>(A fc ), i.e. y> G D{x k ,E). Thus, 
D(x k ,E) = D(E k ). Let y? be in this set. Since now E\(p G D(E k ~ v ), the induction assumption 
(along with the fact that AVip = V(Eiip)) gives 

A k Vp = A k -\AV(p) = A k ~ 1 V(Ei(p) = VE h ~ 1 (Eiip) = VE*<p, 

completing the induction proof of 

^ Let n G N. Now © and © give L(x n ,E)p = V*A n V(p = V*VE?ip = E?<p for all y? G 
D(x n ,E) = D(E%), so L(x n ,E) = L(x,E) n . This proves (a). 

If we assume that L(x,E) is selfadjoint, it follows from (0) that PnD(A) C -0(A). This fact 
is proved in [3H, but we include the proof here for the reader's convenience. To that end, let 
tp G D(A), and let y? G D(E 1 ) be arbitrary. Using 0, we get 

(E lV \V*iP) = (VExip\ip) = (AV<p\ip) = {<p\V*A^), 

which implies that V*ip G D(Ef). Since E x is selfadjoint, G £>(£i), so P W V> = V{V*^) G 

But VP(Pi) is contained in D(A), because D{E 1 ) = D{AV). Thus G 
proving the fact P-nD(A) C -D(A). In addition, the above calculation shows that V*D(A) C 
D{E x ) i and PiV*^ = E* x {V*il>) = V*Aip for all $ G Combining this with ©, we get 

p n Ai\) = VV*Aip = V(ExV*ip) = VEi(V*ip) = AV(V*ip) = AP n tp 

for all ip G D(A). Consequently, PnA C AP^. Since A is selfadjoint, this implies that Pn 
commutes with all the spectral projections P{B) [HH pp. 320, 301]. It follows that each E{B) 
is a projection [23 Corollary 2.2.2.], so the proof is complete. □ 

Remark. As mentioned before, the result appearing in part (b) of the above Proposition can 
be found in the classic book of Akhiezer and Glazman [T]. The result seems to be somewhat well 
known (see e.g. (231 E2|, both of which refer to the works of Akhiezer and Glazman). However, 
the fact is given in a much later work [21] without reference to [Tj (though we have not been 
able to convince ourselves of their argumentation), and R. Werner [39, p. 796] only mentions 
that it holds for normalized compactly supported operator measures. Moreover, Ingarden [13 
p. 87] says that all the semispectral measures with the same selfadjoint first moment A, have 
variances greater than or equal to that of the spectral measure of A. Part (b) of the above 
Proposition gives more - it asserts that the minimum variance occurs only in the case of the 
spectral measure of A. We note also that the proof given in [13 p. 87] considers only compactly 
supported semispectral measures, and contains no reference to [T]. 

Now we get the following characterization for projection valued measures. 

Theorem 5. Let E : B(JNL) — > L(H) be a positive normalized operator measure, such that 
L(x, E) is selfadjoint. Then the following conditions are equivalent. 

(i) E is a spectral measure; 

(ii) L{x 2 ,E) = L{x,E) 2 ; 
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(iii) / x 2 dE^ = \\L(x, E)(p\\ 2 for all ip E D(x, E). 

Proof. Since L(x,E) is selfadjoint, it coincides with its symmetric extension L(x,E). 

Assume that (i) holds. Then L(x 2 ,E) = L(x,E) 2 by a standard result of spectral theory. 
Since E is projection valued, we have also L(x 2 , E) = L{x 2 , E), so (ii) holds. 

Assume (ii). Then we have 

(8) J x 2 dE^ = \\L(x,E)<p\\ 2 

for all <f E D(x 2 ,E). In order to get (iii), we have to establish this identity for vectors in 
the larger set D(x,E) = D(x,E). Let (p E D(x,E) = D(x,E). Since L(x,E) = L{x,E) is 
selfadjoint, the closure of the restriction of L(x, E) to the domain of L(x, E) 2 is L(x, E) itself 
[TT| p. 1245]. Therefore, by (ii), we can pick a sequence (<p n ) of vectors in D(x 2 , E), converging 
to ip, such that (L(x, E)<p n ) converges to L(x,E)<p. Since (p n E D(x 2 ,E) for each n, JEJ) gives 
that 

lim / x 2 dE v Vn = \im\\L(x,E)p n \\ 2 = \\L(x, E)p\\ 2 . 

n J n 

Since \E^ n (B) - E^(B)\ < {\\<p n \\ + ||yj||)||£J(R)|| \\tp n — tp\\ for all n E N and B E B(R), the 
sequence (E^^B)) converges to E Vjtp (B) uniformly for B E B(JSL), so the sequence {E Vi(p ) of 
positive measures converges to E V)V in the total variation norm [TOl p. 97]. It follows by [22, 
Lemma A. 5] that 

(9) J x 2 dE^ < \\L(x, E)<f\\ 2 , V E D(x, E). 

It follows e.g. from the proof of Lemma A. 2 of [22] (see [HI p. 65]) that \\L(x, E)ip\\ 2 < 
J x 2 dE VtV for all tp E D(x,E). Combining this with Q, we get (iii). 

Because (iii) implies (i) by the preceding Proposition, the proof is complete. □ 
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